Abstract. The dipole modes of non-parabolic quantum dots are studied by means of their current and density patterns as well as with their local absorption distribution. The anticrossing of the so-called Bernstein modes originates from the coupling with electron-hole excitations of the two Landau bands which are occupied at the corresponding magnetic fields. Non-quadratic terms in the potential cause an energy separation between bulk and edge current modes in the anticrossing region. On a local scale the fragmented peaks absorb energy in complementary spatial regions which evolve with the magnetic field.
Introduction
The far infrared (FIR) spectroscopy has proved to be an invaluable tool for the physical characterization of semiconductor quantum dots and other electronic nanostructures [1, 2] . Since its initial applications to 2D semiconductor quantum dots one of the main motivations has been to identify a signal of the relative motion of the confined electrons. As is well known [3] , most commonly the confinement seems to be parabolic, and in this limit the generalized Kohn theorem assures that the only allowed excitations are the center-of-mass modes, at the frequencies
where B is the applied perpendicular magnetic field, ω 0 is the frequency associated with the external parabola and ω c = eB/c is the cyclotron frequency [4] . In Ref. [5] the fragmentation of the high-energy branch ω + (B) was measured in wires and dots and interpreted as an interaction with the cyclotron harmonics at energies nω c (n = 2, 3). Since these interactions resemble the Bernstein modes of the electron gas [6] , the same name was used to label the corresponding excitations in these nanostructures. More recently, Krahne et al. [7] have measured the Bernstein modes in a 2D GaAs system with tunable electron density, varying from a continuous 2D gas to well separated dots. While the anticrossing exactly occurs at 2ω c for the 2D gas, for finite quantum dots it lies below (between ω c and 2ω c ).
a E-mail: e-mail: VDFSMVR4@clust.uib.es It is our aim in this paper to provide a physical characterization of the below-2ω c Bernstein modes of quantum dots by analysing the current and density distributions, as well as the local absorption patterns, associated with each particular peak of the dipole spectrum. For this purpose, we shall use the time-dependent local-spin-density approximation in a symmetry unrestricted formalism as developed recently in Ref. [8] . A comparison with the electronhole interband transitions will also shed light on the origin of the fragmentation of the ω + (B) branch.
Theoretical approach
As in Ref. [5] we assume the following confining potential
with r the radial coordinate in the xy plane, where the electronic motion occurs, ℓ 0 = ω −1/2 0 the confining length, ω 0 = 3.37 meV and a = 2.02 10 −2 . The parameter a controls the degree of non-parabolicity although, as shown in Ref. [5] , the Bernstein fragmentation discussed below is actually not much sensitive on its precise value. It is worth to mention that a similar potential including a quartic term was used by Ye and Zaremba to analyze the breaking of Kohn's theorem in the context of a hydrodynamic approach [9] .
We assume the effective-mass Hamiltonian, applicable to GaAs nanostructures [10] , and describe the electronic exchange and correlation effects within the Local-SpinDensity approximation (LSDA). This density-functional approach has recently been used by several authors to describe quantum dot properties. The reader is addressed to Refs. [11, 12, 13] for details on the method. In the context of the FIR absorption the time-dependent extension (TDLSDA) has also been shown to provide adequate results [14, 15] .
The dynamical properties described below have been calculated by integrating the Kohn-Sham equations
where η =↑, ↓ labels the two spin components, while ρ = occ. |ϕ i↑ | 2 + |ϕ i↓ | 2 indicates the total particle density and m = occ. |ϕ i↑ | 2 − |ϕ i↓ | 2 the total spin magnetization. The self-consistent Hamiltonian in Eq. 3 reads
with A(r) = B/2(−y, x) being the vector potential in the symmetric gauge, E XC [ρ, m] the exchange-correlation functional, and s η = ±1 for η =↑, ↓, respectively. The Zeeman term in Eq. 4 contains the gyromagnetic factor g * and the Bohr magneton µ B = e/2m e c.
Single peak analysis
After calculating the ground state structure and in order to excite the collective dipole mode we perform a small rigid translation of the electronic cloud. This takes the system out of equilibrium and as a consequence it begins to oscillate. The expectation values of several observables O are subsequently recorded in time O (t) and frequency analysed to obtain the corresponding energy distributions.
In the present analysis we have considered the dipole, local current and local density operators, i.e.,
Note that after the frequency analysis we obtain O (ω) which for the local signals provides a pattern of currents ĵ (r) (ω) and of local density ρ(r) (ω) that can obviously be ascribed to the excitation at energy ω. At a fixed ω, the time evolution at every point r is simply given by a phase e −iωt , or by sin(ωt) and cos(ωt) for the corresponding real transforms, thus permitting to monitor the variation of the current and density patterns for each excitation peak. In addition, the density patterns can be used to obtain the local absorption from | ρ(r) (ω) |, as done in Ref. [16] for the characterization of the FIR absorption of triangular and square quantum dots. Theoretically, the local absorption at R provides the energy absorbed by the system when a probe of the type ξ(r − R) is used, where ξ is a highly peaked spatial modulation [17] . Note also that in Eq. 5 we have used the gauge invariant current including explicitly the vector potential A(r). Figure 1 displays the FIR absorption for a dot with N = 20 electrons in the confining potential (2) for different vertical magnetic fields. The Bernstein fragmentation of the high energy branch is conspicuous for 1.6 T < B < 2.4 T. Actually, for several B's up to three peaks can be identified in the higher branch, although in most instances this branch fragments into two dominant features. In this figure the dashed line indicates the 2ω c values while the dotted lines show the particle-hole transitions with ∆ℓ = +1, which by angular-momentum selection rules are the only ones that couple to the high-energy branch. All these transitions are of interband character. The ∆ℓ = −1 particlehole transitions (of both intra-and interband character) only contribute to the low-energy branch and thus are not relevant for the present discussion. From this figure and the results that will be presented below, the fragmentation of the FIR absorption, causing the Bernstein modes, can be understood as an effect of the coupling with particle-hole transitions, allowed by the non-parabolicity of the confining potential. Note that at B ≈ 2 T there is a particle-hole excitation actually lying in between the fragmented Bernstein peaks, thus showing that the maximal overlap of the interacting response with the interband transitions occurs below the 2ω c line. We stress that in spite of the overlap with ω − (B), the displayed transitions do not couple with the lower branch by angular momentum selection rules.
Results
The relevance of the different particle-hole transitions is more easily appreciated within the perturbative response formalism, as opposed to the real-time one (see, e.g., Ref. [18] ). Using the perturbative method, in Fig. 2 we compare the full absorption function at B = 1.8 T with those obtained by including only the hole states from the first and second Landau bands, respectively, shown in the left panel. The interacting responses in the restricted subspaces show collective peaks which approximately reproduce the energies of the Bernstein excitations in the full response. Therefore, each of the Bernstein peaks can be thought of as arising from particle-hole excitations of different bands, as it happens in the bulk limit for a modulated 2D gas [19] . Note, however, that the picture of separate FIR excitations for each band is an approximate one, since there are important interference effects between bands. With this interpretation we expect that when ω + (B) and 2ω c (B) intersect in a region where only one Landau band is occupied there will be no Bernstein fragmentation as in Fig. 1 . Indeed we have checked this by using a much lower value of the confinement, ω 0 = 0.5 meV, which for B = 0.3 T has one (spin degenerate) occuppied Landau band and ω + (B) ≈ 2ω c (B) without any anticrossing.
The preceding analysis is in qualitative agreement with the results for Raman modes in quantum wires of Steinebach et al. [20] . These authors attribute the anticrossing to the large importance of transitions with ∆n = 2, where n is the Landau level index, with respect to those with ∆n = 1. Realizing that ∆n = 1 transitions are mainly from the highest occupied Landau band, while ∆n = 2 also includes the second highest Landau band, one arrives at a similar conclusion as the above one.
We consider next the current distributions. The pure Kohn modes in parabolic dots correspond to rigid translations of the electronic density and, therefore, to essentially uniform current distributions, the only variations being due to the density inhomogeneities. A similar result is found for the low energy branch in Fig. 1 , indicating the Kohn-like character of this mode.
The current patterns at a given time for the Bernstein modes in the nonparabolic dot are shown in Fig. 3 . The time evolution for each of these patterns is simply an anticlockwise rotation, in agreement with the ∆ℓ = +1 character of the mode (the positive z axis is pointing towards the reader). The leftmost panel corresponds to the dominant peak at B = 1.4 T, which displays a current pattern basically uniform in the bulk of the dot, thus similar to the previously mentioned Kohn modes. The two intermediate panels correspond to the peaks at B = 2 T (at ω ≈ 0.52 and 0.54). They show an incipient separation of bulk and edge current oscillations which is further developed at B = 2.4 T (two right panels). Note that the edge-current patterns contain a hole in the dot center. Therefore, the non-parabolicity of the potential induces a separation in energy of the higher-branch bulk and edge current modes, which are degenerate in the purely parabolic case.
It is also interesting to look at the density variation patterns displayed in Fig. 4 for the B = 2.4 T case. As before, the time evolution of each pattern is a clockwise rotation for the lower-energy branch and anticlokwise for the upper modes. Red and blue indicate increment and decrement in the local density, respectively. Note that both the low-energy peak (f1) and the dominant peak of the higher branch (f2) exhibit a simple dipole pattern with two lobes. On the contrary, the highest mode (f3) displays an internal structure reflecting the existence of a node in the radial density and four regions with alternate phases. The internal structure of f3 nicely correlates with the the current pattern of Fig. 3 , since the regions of current convergence (divergence) correspond to an increase (decrease) of the local density.
A time average of the oscillating density amplitudes highlights the regions of higher FIR absorption in the dot, as shown in Fig. 5 . The different grey colours indicate the absorption strength as given by the local oscillation. We notice that at B = 1.4 T the Bernstein peaks absorb basically in rings, with the lower peak having a more internal character. As the magnetic field is raised the lower peak tends to expand its absorption ring, while the higher one absorbs more in the inner region. As a result, at B ≈ 2.6 T the two modes reverse their character, the upper mode becoming more internal. Thus showing that the two Bernstein peaks absorb energy in complemementary spatial regions.
Conclusions
We have analysed the fragmentation of the high-energy branch in non-parabolic dots by using a) a comparison with the allowed electron-hole transitions, b) the current and density variations associated with each peak, and c) the local absorption pattern of each mode. We conclude that the Bernstein fragmentation is a result of the coupling with electron-hole dipole transitions originating from each of the two occupied Landau bands. This coupling manifests in an energy separation of the bulk and edge current modes, with the latter one having a four-lobe structure in the oscillating density. The separation of the modes is also reflected in the local absorption, being more internal for the lower peak than for the higher one at small B's and reverting character when the magnetic field is increased.
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